The incompressible Rindler fluid versus the Schwarzschild-AdS fluid 
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We study the proposal by Bredberg et al. (1006.1902), where the fluid is defined by the Brown- 
York tensor on a timelike surface at r = r c in black hole backgrounds. We consider both Rindler 
space and the Schwarzschild-AdS (SAdS) black hole. The former describes an incompressible fluid, 
whereas the latter describes the vanishing bulk viscosity at arbitrary r c , but these two results do not 
contradict with each other. We also find an interesting "coincidence" with the black hole membrane 
paradigm which gives a negative bulk viscosity. In order to show these results, we rewrite the 
hydrodynamic stress tensor via metric perturbations using the conservation equation. The resulting 
expressions are suitable to compare with the Brown- York tensor. 

PACS numbers: 11.25.Tq 



I. INTRODUCTION AND SUMMARY 

According to the AdS/CFT duality [J-3 , an AdS black 
hole is dual to a strongly-coupled large- N c plasma. But 
as is well-known, it is an old idea that a black hole de- 
scribes a fluid. There are at least three formulations 
which realizes this idea: 

1 . Historically, the membrane paradigm [jj Q is the 
oldest one. In this case, the fluid lives on the 
stretched horizon r — > ro- However, the mem- 
brane paradigm has the unpleasant features as a 
fluid such as a negative bulk viscosity. The mem- 
brane paradigm originally focuses on the (3 + 1)- 
dimcnsional asymptotically flat black holes, but 
asymptotics should not matter much since it fo- 
cuses on the near- horizon limit. 

2. In the AdS/CFT duality, the dual fluid "lives" at 
the AdS boundary r — > oo. The advantage of the 
AdS/CFT duality is a clear microscopic interpre- 
tation for the dual fluid. The AdS/CFT results 
are widely used for real-world applications such as 
the quark-gluon plasma. (See, e.g., Refs. [ThU for 
reviews.) 

3. More recently, Bredberg, Keeler, Lysov, and Stro- 
mingcr (BKLS) [ljj [HI proposed the timelike sur- 
face at arbitrary position r = r c for the "boundary" 
where the fluid lives (See also, e.g., Refs. [l2l [RBI]). 
The BKLS approach is analogous to the holo- 
graphic renormalization. In the near-horizon limit, 
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the BKLS approach describes an incompressible 
fluid. 

Another closely related idea is a "black hole in a cavity" 
[l4j . This idea was proposed to obtain a well-defined 
thermal equilibrium for asymptotically flat black holes 
such as the Schwarzschild black hole. The Schwarzschild 
black hole has a negative heat capacity, so it is unstable 
by the Hawking radiation. However, if the black hole is 
surrounded by a finite-temperature cavity, and if the cav- 
ity is close enough to the horizon, a thermal equilibrium 
is achieved. In a sense, the BKLS approach is an AdS 
black hole in a cavity. 

While each approach has a different motivation and 
physical interpretation, one thing is common: they all 
employ the Brown- York tensor [15| as the fluid stress 
tensor. Thus, they are somehow related to each other. 

Both in the membrane paradigm and in the BKLS ap- 
proach (in particular in Ref. [ll|), one often starts to 
identify the velocity field of the fluid in the bulk space- 
time. This has its own advantage that the relation be- 
tween the Einstein equation and the Navier-Stokes equa- 
tion is direct and transparent. On the other hand, this 
brings us an immediate problem why a particular vector 
field should be regarded as the velocity field. So, we do 
not take such a path. 

• Instead, we consider metric perturbations and 
study the (linear) response of the Brown- York ten- 
sor by the perturbations a la AdS / CFT duality. 

• In hydrodynamics, the velocity field is determined 
from the metric perturbations (Sec. [IT]) . Then, one 
can eliminate the velocity field completely in the 
hydrodynamic stress tensor. The resulting expres- 
sion contains metric perturbations only, which is 
suitable to compare with the Brown- York tensor. 
In our approach, the velocity field is a consequence 
of metric perturbations. 
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One purpose of this paper is to reexamine the BKLS 
approach using the above formulation. 

In particular, we study the issue of the bulk viscos- 
ity C, which is non- negative in the AdS/CFT duality, 
negative in the membrane paradigm, and is irrelevant 
in the BKLS approach (because of an incompressible 
fluid). For that purpose, we consider the sound mode 
perturbations whose analysis was somewhat incomplete 
in Ref. We study Rindler space, which is the near- 
horizon limit of black holes with nondegenerate horizon, 
and the five-dimensional Schwarzschild-AdS black hole 
(SAdSs j]]. Our results are summarized as follows: 

1. For Rindler space, the Brown- York tensor gives an 
incompressible fluid in accordance with the BKLS 
result (Sec.HIIjl. 

2. For the SAdSs black hole, the Brown- York tensor 
always gives the vanishing bulk viscosity irrespec- 
tive of the boundary position r c (Sec. IIV|1 . 

3. There are no contradictions between two results 
since the hydrodynamic regime used for the SAdS 
black hole "differs" from the hydrodynamic regime 
used for Rindler space (when expressed in terms of 
the SAdS variables) (Sec.EJ. 

We also find an interesting "coincidence" with the mem- 
brane paradigm in the Rindler analysis. If one does not 
take into account a constraint equation of the Einstein 
equation (in hydrodynamics, this corresponds not to take 
into account the continuity equation), one would get the 
negative bulk viscosity in accordance with the membrane 
paradigm (Sec. MI C| . The precise relation to the mem- 
brane paradigm is not clear and is left to a future work. 
In addition, we obtain one of the second-order hydrody- 
namic transport coefficient t v for the SAdSs black hole 
in the BKLS approach. 



equation of motion is not closed, one introduces the con- 
stitutive equation^: 



T'" y = (e + P)u"u" + Pg^ + 



(2.2) 



(2.3) 



where P^ u := g^ v + u^u v is the projection tensor, r) is 
the shear viscosity, and ( is the bulk viscosity. In other 
words, one chooses the velocity field u M and the pressure 
P as the basic hydrodynamic variables. Note that e and 
P are not independent; rather they are determined by 
an equation of state. We choose P as the independent 
variable. We assume e = e(P) and use c 2 = dP/de, 
where c s is the speed of sound. Then, there are 4 degrees 
of freedom in (3 + l)-dimensions (three from u M because 
of u 2 = — 1 and one from P), and the equation of motion 
is closed. 

In equilibrium, there is no spatial flow, so one can take 
the rest frame u l = 0. Then, one has 



-e, /< 



(2.4) 



where " ~ " denotes an equilibrium valu^l. 

When one adds external gravitational perturbations 
h^, the hydrodynamic variables P and u % have re- 
sponses following the conservation equation. By solv- 
ing the conservation equation, one can determine the re- 
sponses. For hydrodynamic computations, we always use 
the Minkowski background = r]^ v . We consider the 
metric perturbations of the form 



(2.5) 



Then, the metric perturbations are decomposed as the 
tensor, shear and sound modes. We consider the sound 
mode, which consists of 



II. LINEARIZED HYDRODYNAMICS BY 
METRIC PERTURBATIONS 

A. Homogeneous perturbations 



^ t ! h a — h x , h z , h t 



(2.6) 



The metric becomes 
ds 2 = -(l + h\)dt 2 + + h\)dx 2 + 2h z t dtdz . (2.7) 



The basic hydrodynamic equation is the conservation 
equation 



V/'"' = 



(2.1) 



We write the responses as 

P{t, z) = P + SPe~' luJt+iqz , (2.8) 
u l (t,z) = 5u i e- iut+iqz , (2.9) 



(or the continuity equation and the Navier-Stokes equa- 
tion). In (3 + l)-dimcnsions, there are 4 equations 
whereas the stress tensor has 10 components. Since the 



1 While our work was in progress, there appeared preprints which 
study Rindler hydrodynamics |20|422|1 . 



2 We use [i,v, . . . for the (p + l)-dimensional boundary coordinate 
indices. The boundary spatial coordinates X{ are also denoted 
as Xi = (x, y, z) for p = 3. We use indices a, b, . . . for the spatial 
coordinates transverse to z. 

3 In this paper, we consider T M „, the stress tensor with one upper 
and one lower indices, which is convenient to compare with the 
Brown- York tensor (Sec. ITiTAl , 
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and e(t,z) = e + See ' lujt + l i z . Accordingly, the stress 
tensor has the response 



T^{t, z) = T% + ST^e- iut+iqz 



(2.10) 



We first consider homogeneous perturbations q = 0. 
Since u 2 — — 1, it* = 1 — h* t /2 (one can set u a = 0). 
From the conservation equation V = 0, one gets 



iu(e + P)(h z t + Su z ) = . 



(2.H) 
(2.12) 



where h s := J2k ^ fc * s * ne s P a ^ a ^ trace. Then, ST^ V 
becomes 



? 4- P 

«T» t = (e + P)fc» t , 



(2.13a) 
(2.13b) 



v C 



where 



5P(h) = c 2 s Se = — 



P 



(2.13c) 



(2.14) 



These expressions may be familiar to readers. For in- 
stance, see App. A of Ref. [l(| for ST l j. However, inho- 
mogeneous perturbation case (q ^ 0) in the next subsec- 
tion is more involved and deserves a close inspection. 

Anticipating the bulk results in the following sections, 
let us consider the c s — > oo limit. In the c s — > oo limit, 
the continuity equation ()2.11j) becomes 



iuPh. = 



(2.15) 



The c s — y oo limit is rather special. In this limit, the con- 
servation equation gives a condition for the perturbations 
instead of a response. In order that time-dependent per- 
turbations are allowed, the spatial perturbations must be 
traceless. Or the fluid must be compressible for generic 
time-dependent homogeneous perturbations. Then, one 
obtains 



8T\ -> 
ST\ -> (e 
ST 



P)h\ 



(2.16a) 
(2.16b) 
(2.16c) 



B. Inhomogeneous perturbations 



We turn to inhomogeneous perturbations q ^ 0. Again 
take it 4 = 1 — h t t /2. For q ^ 0, the continuity equation 
becomes 



Se 1 
I _ p + ) + *<?£u z = 



(2.17) 



Combining this with the Navier-Stokes equation gives 

h* 



Su z = - 



2 2 

c4q- 



q c 2 q 2 



iT s ujq 2 



—h s 
2 



— h* 



i 

2c? 



f (-h)cu(h* x + hy y ) + ^h z z 



SP = (e + P) 



e 2 s q 2 



2 9 



— h s + ifju) (h x x 



2q 
V 



iVgUiq 1 



e + P ' 
1 (A 



P 



e + P V 3 



v + C 



(2.18a) 

(2.18b) 
(2.18c) 
(2.18d) 



where T s is the sound attenuation constant. Also, these 
are momentum-space expressions so are complex; in real- 
space, they are real. 

Having written down all hydrodynamic variables via 
metric perturbations, we are ready to express the hydro- 
dynamic stress tensor via metric perturbations only. The 
full expression is rather cumbersome, so we give the ex- 
pressions only in the c s — > oo limit, which is relevant to 
the Rindlcr case. In the c s — > oo limit. 



ou -» — h s , 
2q 

SP^(e + P) 



-\h\ + "-h\ 



'I 



2q 2 



+ ir,cj(h x x + h\) 



(2.19) 



(2.20) 



Note that the sound pole (c 2 q 2 



iT s (jjq 2 ) 1 in 



Eqs. (|2.18j) disappears in this limit. At the same time, 
the dependence on the bulk viscosity disappears. As a 
check, substituting Eq. (|2.19p into the continuity equa- 
tion gives 8e = as expected. Also, some components of 
covariant derivatives are 



V v u v 



-^iuh x 
-\ iujhV y 



v z u* = -iu(h% + hy y ) 



so w M obeys 



Then, ST tJ, u becomes 
5T \ -> , 



ST\^-(e-+P)-h s , 

5T X X -> 6P(h) + inuh x x , 
ST y y -+ 6P(h) + i V ujh y y , 
ST% ^ 6P(h) - i V u;(h x x - 



(2.21a) 
(2.21b) 
(2.21c) 

(2.22) 

(2.23a) 
(2.23b) 

(2.23c) 
(2.23d) 
(2.23e) 
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in the c a —> oo limit. Several points of Eqs. (|2.23|) de- 
serve comments, (i) T\ is not proportional to h z t [cf., 
Eq. (|2.13bj) ]. (ii) The 0(iu>) terms of T* is not propor- 
tional to h z z . (iii) While Eqs. f|2 . themselves have the 
well-defined q — > limit, the c s — > oo case does not have 
the limit. So, we consider the q = and q ^ cases 
separately. 

We now compare hydrodynamic expressions obtained 
in this section with the Brown- York tensor in Rindlcr 
space and in the SAdSs black hole. 



III. SOUND MODE IN RINDLER SPACE 

A. Thermodynamic quantities 

The (p + 2)-dimensional Rindlcr space is given by 

dr 2 



-rdt 1 



(3.1) 



The Rindler horizon is located at r = and the Hawking 
temperature is given by T = l/(47r). 

We consider the timelike surface r = r c . The Brown- 
York tensor is given by 



1 



8ttG 



(3.2) 



where K^ v is the extrinsic curvature of the surface, and 
K is its trace. In this paper, we denote the Brown- York 
tensor as to avoid confusion with the hydrodynamic 
stress tensor T M „. For a diagonal metric, the extrinsic 
curvature takes a simple form: 



(3.3) 



where g pv is the induced metric on the surface. For 
Rindler space, — diag(— r c , 1). Also, n r is the unit 
normal to the r = r c surface: n r = \j ^Jg rr . 

We consider the Brown- York tensor with one upper 
and one lower indices from the following reasons: 

1. The counterterm takes the form T A1 j,' CT ' ) oc 6^ (see 
below), so the counter term dependence is absent 
upon metric perturbations. 

2. We chose the Minkowski background g^ = r/^ for 
the hydrodynamic computations. But this differs 
from the induced metric used for the Brown- York 
tensor by r-rescaling, e.g., g^ = diag(— r c ,l) for 
Rindler space. One way is to transform the Brown- 
York tensor from the original coordinates to the 
proper coordinates x 11 : 



t = v—gttt 



gn x 



(3.4) 



However, it is not necessary to distinguish and 
X P- f or 7~* t anc | -j* s i nC e the upper and lower indices 
receive the opposite scaling. (This does not apply 
to T* z , so a care is necessary.) 



One can add "counterterms" to the Brown- York ten- 
sor. From the AdS/CFT point of view, the counterterms 
regularize divergences in physical quantities They 
are given by 



(CT) _ 



The coefficient c\ = 2p/L, where L is the AdS radius. 
G^ (p+1) is the Einstein tensor built fr om the induced 
metric g^. For Rindler space, G M I / p+1 - > vanishes since 
the surface is fla10. We include the boundary cosmolog- 
ical constant term in order to compare with the SAdSs 
result (Sec.UVj. 

1/2 



For Rindler space, K^ v 
one gets 



diag(l/(2rc / ),0). Then, 



ci 



16ttG ' 
1 / 1 



16ttG 



-ci )S 



which gives 



Cl 



P 



16ttG 
1 

16ttG 



Cl 



Cl 



T 



AG 16ttG 



(3.6) 
(3.7) 

(3.8a) 
(3.8b) 



Here, T is the proper temperature not the Hawking tem- 
perature T: 



T{r c ) 



y/-9tt(r c ) 



(3-9) 



When Ci = 0, P agrees with the membrane paradigm re- 
sult [f| Q . The thermodynamic relation Ts = e + P gives 
the entropy density s = 1/ (4G). Since the energy density 
is constant, the stress tensor describes an incompressible 
fluid, and the speed of sound c 2 a = dP/de diverges. 



B. Sound mode perturbations 

We consider sound mode perturbations in Rindler 
space. We take the gauge where h* r = for all *, and 
the metric is given by 



dSp+2 



{l+h t t )dt 2 +^2{l+h\)dx 2 i +2h z t dtdz+ 



dr 2 



(3.10) 



4 This will not be the case when one adds metric perturbations. 
But our primary concern is thermodynamic quantities and trans- 
port coefficients. The transport coefficients of first-order hydro- 
dynamics appear only in 0{ui) terms in the stress tensor, while 



gives 
stein tensor. 



G 



q ) terms, so we can safely ignore the Ein- 
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We consider the perturbations of the form 
h^(t,z,r) = h» v (r) e - lu]t+lqz . 



(3.11) 



In the gauge h„ = 0, the extrinsic curvature takes 
the simple form p.3[) . The response of the Brown- York 
tensor is given by (' = d r ) 



ST t = (e + P)r c h s ' , 

5T\ = {e + P){h* t -r c h z t ') , 

ST, = {e + P)r c l-h'/ + 5*,-(hV + hj) 



(3.12a) 
(3.12b) 

(3.12c) 



where we used e + P — l/(16nGr c )■ In order to com- 
pare the Brown- York tensor with the hydrodynamic ten- 
sor, one needs to rewrite h^J . This requires the Einstein 
equation. 

We first consider homogeneous perturbations q = 0. 
The Einstein equation with q = gives 



. i " 1 , 4 ' W , i 

h\ + -h\ + —h\ 
r 


= . 


(3.13a) 


(r 3/2 h\'y 


= o , 


(3.13b) 


-2uh z t ' 


= , 


(3.13c) 


rhj + 0(lj 2 ) 


= . 


(3.13d) 



Equations (|3.13c|) and (|3.13d[) arc two of the "constraint 
equations" which are first-order differential equation^. 
The solution of Eq. (|3.13a[) is given by 



h\{r) 



i(To) ( - 



(3.14) 



where we imposed the "incoming wave" boundary con- 
dition at the horizon. The remaining integration con- 
stant is fixed by the Dirichlct boundary condition fo*.(r c ). 
Equation (|3.14j) is the exact solution for all r. For /i* t , 
imposing the regularity condition at the horizon, one gets 
h\ = h\{r c ). 

From Eq. p,13d[) . we obtain ST t = 0, so the Brown- 
York tensor describes an incompressible fluid. From 
Eq. (|3.13dp and h t t = 0, the terms proportional to £*• 
vanish, which implies an incompressible fluid as well. Fi- 
nally, from Eq. (|3.13c[) , a non hydrodynamic term in ST z t 
[the second term of Eq. (|3.12b[) ] vanishes. 

Thus, the Brown- York tensor becomes 



5T\ = , 

6T z t = (e + P)h z t , 



ST 



-h % ■ 
16-kG 3 



(3.15a) 
(3.15b) 

(3.15c) 



where we used Eq. (|3.14[) and Co is the proper frequency. 
In order to compare the Brown- York tensor with the 



5 In this paper, we use the word "constraint equations" in the sense 
of the radial foliation, not the time foliation. 



Minkowski hydrodynamic stress tensor (|2.13[) . one needs 
to rewrite the Brown- York tensor in proper coordinates 
t = y/—gtt t and x 1 = 



lg zz x 1 . In this paper, " ~ " de- 
notes proper coordinates and proper quantities. Proper 
frequencies and wave number are given by 



CO 



V~9tt 



ui 

J/2 



q 



/{Jr. 



'I 



(3.16) 



However, as discussed previously, it is not necessary to 
distinguish x M and for ST f t and STj except the 
replacement (|3.16|) . For the off-diagonal component, 
ST z t oc h z t , so the expression does not change under the 
coordinate transformation. 

Equations (|3. 15|) take the same form as the hydrody- 
namic stress tensor in the c s — > oo limit (|2.23p with 



1 



16ttG 



(3.17) 



This agrees with the membrane paradigm result and the 

BKLS result 0, H EH . ° n the ° ther hand ' the re " 
suit of an incompressible fluid differs from the membrane 

paradigm. 

From Eqs. (|3.12[) , the term hj gives Se and the bulk 
viscosity, but hj = up to first order in (uj,q), so one 
immediately has an incompressible fluid. This is true 
even for q ^ [Eq. (|3.21c|> ] . thus one expects that the 
fluid remains incompressible even for q 0. However, it 
is not obvious that the Brown- York tensor takes the same 
form as the hydrodynamic tensor when q ^ 0. Thus, we 
turn to the q ^ case in Sec. IIII Dl 



C. Possible connection with the membrane 
paradigm? 

Our result shows that the Brown- York tensor gives an 
incompressible fluid, which differs from the membrane 
paradigm. However, there is an interesting "coincidence" 
with the membrane paradigm if one ignores part of the 
Einstein equation. 

Let us ignore the constraint equation (|3.13d|) for a mo- 
ment, which gives the incompressible condition. In hy- 
drodynamic analysis, the incompressible condition comes 
from the continuity equation (Sec. HI)), so ignoring the 
constraint equation (|3.13dj) corresponds to ignore the 
continuity equation. From Eq. ()3.14j) . hj = —iuih s /r. 
Substituting this into Eq. (|3.12c|) gives 



ST 



3 WirG 



(3.18) 



If one compares this with the hydrodynamic stress tensor 
(|2.13[) . one would get 



p-1 1 



(3.19) 



p 8ttG ' 

which coincides with the membrane paradigm 0, [^, E3 ■ 
The original membrane paradigm focuses on the (3 + 
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l)-dimensional case, but the extension into the generic 
dimensions exists [18|. Note that £ < 0. 

This is an interesting coincidence, and the result may 
have some relevance with the membrane paradigm. On 
the other hand, we should stress that this result itself 
does not give a consistent hydrodynamic interpretation 
completely. For example, Eq. f|3 . 1 8[) seems to lack SP 
term in Eq. (|2.13cl) . Also, <5T* t is nonvanishing, but 



8T\ = -(e + P)iuh s 



(3.20) 



Comparing this with Eqs. (|2.13[) . this is consistent only 
if iuj = —1/2. But this brings us another issue. First, 
we consider the hydrodynamic limit \u\ — > 0, so it is not 
clear if such an interpretation is possible. Second, when 
\lu\ is not small, it is not clear if 0(h s ) term in Eq. (|3.18[) 
is really the viscosity term: the first term and the third 
term of Eq. (|2.13c[) are not distinguishable. 

Thus, the only consistent interpretation is the incom- 
pressible fluid by taking Eq. (|3.13d[) into account. But 
the coincidence (|3.19j) is suggestive. This might indicate 
that the membrane paradigm is not fully consistent. 



D. Inhomogeneous perturbations 

The Einstein equation consists of second-order differ- 
ential equations which are dynamical equations and first- 
order differential equations which are constraint equa- 
tions. The dynamics of the field obeying the constraints 
is determined by one dynamical equation. They are re- 
ferred as the master field and the master equation, re- 
spectively. This counting goes as follows: 

• For the sound mode in 5-dimensional spacetime, 4 
components of metric perturbations are relevant. 

• The Einstein equation gives 4 dynamical equations 
and 3 constraint equations. Thus, one obtains 1 
master equation, which gives the solution for a com- 
bination of 4 metric components. 

• The solution of the master equation has two inte- 
gration constants. One is fixed by imposing the 
incoming wave boundary condition at the horizon. 
Thus, one obtains the solution for a combination of 
4 metric components with one integration constant. 

• The other 3 components are calculated using 3 con- 
straint equations which give one integration con- 
stant for each component. 

• In summary, we obtain 4 solutions with 4 in- 
tegration constants. These integration constants 
are fixed by imposing boundary conditions at the 
boundary for each components, /i^(r c ). 

In reality, in order to compute the Brown- York tensor, 
one only needs /i^'(r c ). They can be determined from 
the constraint equations and the master equation. So, 
one does not have to solve the constraint equations. 



In Rindler space, the constraint equations are given 



lu (2rh s ' - h s ) + 2q (rh z t ' - h\) 
-2u>h z t ' + q (2rh\' + h\ + 4rh x A 
rhj + 0(uj 2 ,ujq,q 2 ) 

The master field is h x x which obeys 



rq 







(3.21a) 
(3.21b) 
(3.21c) 



(3.22) 



We solve the master equation by imposing (i) the in- 
coming wave boundary condition at the horizon and (ii) 
the Dirichlct boundary condition at r = r c , h x x (r c ). Af- 
ter imposing the former boundary condition, the solution 
takes the form 



h x 
F 



F(r) 



(3.23) 



where we fixed the remaining overall integration constant 
by the Dirichlet boundary condition h x x {r c ). The so- 
lution of the master equation in the near-horizon limit 
r —> is given by Eq. (|3.14[) . When q = 0, it is the exact 
solution for all r. This is not the case when q ^ 0, but 
the master equation takes the form 

h x x " + -h x x ' + O(u 2 ,q 2 ) = . (3.24) 



Thus, Eq. p,14|) still gives the solution to first order in 
(w,<7): 



F(r) = l-iujlogr + 0(LU 2 ,q 2 ) 



(3.25) 



For the sound mode, h a a = h x x , but it is convenient to 
keep each components separately. Also, we focus on the 
five-dimensional case (p = 3) for simplicity. Substitute 
Eqs. (j3~2T]) and (|3~23)) into Eqs. (j3~T2|) . To first order in 
(u),q), the Brown- York tensor becomes 





= o , 




(3.26a) 




r c 


= -(s + P)^h s , 


(3.26b) 


ST X X 


= 5P(h) + 


lQ h x 
16nG x ' 


(3.26c) 


sry y 


= SP(h) + 


iQ W 

16ttG v ' 


(3.26d) 




= SP(h) - 




(3.26e) 



These equations correspond to {t,r), {z,r), and (r, r)- 
components of the Einstein equation, respectively. 



7 



where 



6P= (e + P) 

ILO 

+ 



1 7 / W , 7, W 

2 9 r c 2g 2 r c 



lSTrGrc 7 



172 + *\) 



q 



Cu 2 



2g 



2 s 



16ttG 



(3.27) 



(3.28) 



Again, the Brown- York tensor in proper coordinates 
takes the same form except 5T z t . So, we have rewritten 
8T z t (and SP) in proper coordinates. The Brown- York 
tensor takes the same form as the hydrodynamic stress 
tensor in the c s —> oo limit (|2.23l) with r/ = l/(167rG). 



IV. SOUND MODE IN SCHWARZSCHILD-ADS 
BLACK HOLE 

In this section, we study the bulk viscosity for the 
SAdS 5 black hole. In the AdS/CFT duality, the bulk 
viscosity for the SAdSs black hole vanishes in the limit 
r c — > oo because of the scale invariance of the geometry 
However, when r c ^ oo, the stress tensor for the SAdSs 
black hole is no longer traceless (|4.2p , so one must exam- 
ine the bulk viscosity in this case. 

The near-horizon limit of the SAdSs black hole is 
Rindler space. So, one expects that the bulk viscosity 
for the SAdSs black hole agrees with the Rindler result 
in the limit r c — > r . We find that the bulk viscosity 
vanishes even for arbitrary r c . One might wonder how 
this result is compatible with the Rindler result. The an- 
swer is that the hydrodynamic regime used in the SAdS 
computation differs from the hydrodynamic regime used 
in the Rindler computation (when expressed in terms of 
the SAdS variables). We also compute a second-order 
hydrodynamic coefficient r n for arbitrary r c . 



A. Thermodynamic quantities 



The SAdSs metric is given by 
-f(r)dt 2 + dx 2 } 



d si = i I 



dr 2 



1 



= - \-f(u)dt 2 + dxf\ + 



arm 

du 2 



fir) = 1 - p 
V r 



f(u) = l-u 2 



(4.1a) 

(4.1b) 
(4.1c) 



where u = (ro/r) 2 . The Hawking temperature is given 
by T = t /(ttL 2 ). We take the horizon radius ?' = 1 by 
rescaling t and Xi, and we set the AdS radius L = 1. The 
boundary position will be denoted as u — u c . 



The Brown- York tensor and thermodynamic relations 
give the following thermodynamic quantities: 



T = — 



P 




(4.2a) 
(4.2b) 
(4.2c) 

(4.2d) 
(4.2e) 



where c\ is the counterterm dependence (|3.5[) (ci = 6 
for asymptotically AdSs spacetime). In the above ex- 
pressions, one can eliminate u c by proper temperature 
T, but the result is not very illuminating. 

Note that the stress tensor is no longer traceless. Also, 
one always has e < for c\ = 0, which may be trouble- 
some, but E > for ci = 6. On the other hand, P > 
for both values of c\ . 

The computation of thermodynamic quantities has 
some differences in the AdS/CFT duality. The Brown- 
York tensor is the stress tensor with respect to the in- 
trinsic metric on the surface, and it is natural to use the 
proper temperature. In the AdS/CFT duality, one iden- 
tifies the gauge theory metric 7 MJy as <7 M „ = (r/L) 2 7 MI/ . 
As a result, it is natural to use the Hawking temperature 
in the AdS/CFT duality. The field theory stress tensor is 
defined with respect to 7^. Then, the AdS/CFT stress 

tensor 7^^ KPW '* is related to the Brown- York tensor as 



t(GKPW) 
' [If 



5S 



£)Vr° (4.3) 



for p = 3. However, physical quantities from the Brown- 
York tensor in terms of the proper temperature takes the 
same from as the standard AdS / CFT expressions in the 
limit r c — > 00 (see below). 

Consider two interesting limits, the u c — > limit and 
the u c — > 1 limit. They correspond to the low-T limit 
and the high-T limit, respectively. 

1. In the AdS/CFT limit (u c — > 0), thermodynamic 
quantities take the same form as the standard 
AdS/CFT result: 



16ttG 

1 



(4.4a) 
(4.4b) 
(4.4c) 
(4.4d) 
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2. In the Rindler limit [u c — > 1), they reduce to 
Eqs. (1X51) : 



Cl 



16ttG 



T 

P = 



Cl 



4G 16ttG ' 
1 

4G ' 



c c — >• oo 



(4.5a) 

(4.5b) 

(4.5c) 
(4.5d) 



B. Sound mode perturbations 

We consider sound mode perturbations in the SAdSs 
black hole. Again we take the gauge h* u = 0, and the 
metric is given by 



5 u 



-f(l + h\)dt 2 + ^(1 + h\)dx\ + 2h z t dtdz 

i 

du 2 



Au 2 f 



(4.6) 



Like the Rindler analysis, one can obtain the master 
equation for the master field after some algebra. The 
definition of the master field is not unique, but differ- 
ent definitions are related to each other describing the 
same physics. We take the following combination for the 
master field: 



$(u) = h x x + f 



4/iV + 2h z 



V - 3/' ' 
which obeys the following master equation: 

[u- 1 f(u)<S>( U y]' + V{u)<f>{u) = 

where 

i 



(4.7) 



(4.8) 



V(u) 



U 3 /(4q 2 -3/') 2 

x \utv 2 (4q 2 - 3/') 2 + q 2 f (l5u/' 2 - 36//') 



q 4 /(16/-8 U /')-16q 6 U / 



(4.9) 



ro := lu/(2ttT) = w/2, and q := q/(2nT) = q/2. 

We again solve the master equation by imposing (i) 
the incoming wave boundary condition at the horizon 
u = 1 and (ii) the Dirichlct boundary condition at u = u c , 
h^viiic). After imposing the former boundary condition, 
the solution takes the form 

<&(u) = CF{u) . (4.10) 

The remaining integration constant G is fixed by the 
boundary condition h^uiuc). We expand the solution 
in to and q: 

F(u) = (1 - u)-' im / 2 [F 00 (u) + (toF w (u) + qF i(«)) 

+ (ro 2 F 20 (u) + toqF n (u) + c\ 2 F 2(u)) + ■ ■ ■] . 

(4.11) 



Here, we factorized (1 — u)~' im ^ 2 to implement the incom- 
ing wave boundary condition at the horizon. Then, the 
incoming wave boundary condition becomes the regular- 
ity condition for Fij(u) at the horizon. One can easily 
check Fqo = 1. The master equation has no terms with 
odd powers in q, so one can set Fq± = Fn = without 
loss of generality. The solutions are 



F w = --ln(l + «) , 
F 02 ^A + iln(l + U ), 



(4.12a) 
(4.12b) 



F 2Q = \U 2 (H + l) - i{ln2 - ln(l + «)} ln(l - u) 



ln(l + u) { - ln(l + u) + 1 - In 2 
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(4.12c) 



The integration constant C is fixed by the boundary 
condition h^ u (u c ). Using the definition of the master 
field (|4.7[) and the Einstein equation, we obtain C = 
Cnum/Cdcn- [See Eqs. (|A1|) for the detailed form of C num 
and Gdcn-] 

The response of the Brown- York tensor is given by 



2 U r ' 



5T* t = (e + P)[h* t +4-h 



.2 ' 



2Ur 



(4.13a) 
(4.13b) 



sr x x = 

ST. = 



f {-h x J + h\' + h a ') , (4.13c) 
{-h z J + h* t ' + hj) , (4.13d) 



2 u c 
e + P f 



2 U r 



where we used e + P = M 2 /(47rG/ 1 / 2 ). In order to com- 
pare the Brown- York tensor with the hydrodynamic ten- 
sor, one needs to rewrite h^J . Using Eq. (|4.7[) together 
with three constraint equations, one can write h^J in 
terms of h^u and schematically in the form of 

hfj = A^Jl^p + . (4.14) 

[See Eqs. (fX2|) for the detailed form of A and B] 



C. Homogeneous perturbations 

One can carry out the same analysis as the 9 ^ 
Rindler case. However, the full form of the Brown- York 
tensor is rather complicated, so we focus on the follow- 
ing two cases. First, we consider the q — > limit and 
compare the Brown- York tensor with the hydrodynamic 
stress tensor (|2.13[) . Second, we consider the q ^ case 
and extract the sound pole. 

We first consider homogeneous perturbations. Take 
the q — > limit in Eqs. (|A2[) and then expand it in ro. 



9 



One obtains 

,,_ U (3- U 2 ) 



" t ~ 
h z t ' = 



3/ 2 



h s + 0(to 2 ) , 



(4.15a) 
(4.15b) 



-^ + ^V ft ') +0K) , (4.15c) 
u , 2irou(h x x — h z z ) 



3/ 



h ''=-ff h ' 



3/ 



0(ro 2 ) . (4.15d) 



Substituting them into the Brown- York tensor ()4.13j) . one 
obtains 



tr>, = ^ 



h s , 



«T* t = (e + P)^ t , 



£ + P 



.- 3/2 



2, !WM C ' 



16ttG 

. - 3/2 



*7*. = 



e + P 2 , Jwu c 
^ C ^+ 16^G 





(4.16a) 




(4.16b) 




, (4.16c) 




. (4.16d) 



Again it is not necessary to distinguish x M and x^ for 
(5T' t and ST l j. Since 8T z t oc /i z t , <ST z t takes the same 
form in proper coordinates. Equations (|4.16[) take the 
same form as the hydrodynamic stress tensor (|2. 13[) with 



3/2 



16ttG ' 

which satisfies rj/s = l/(47r). 



C = o, 



(4.17) 



D. Inhomogeneous perturbations and sound pole 

We now consider the q ^ case and the sound pole 
in the Brown- York tensor. The coefficients of and 
h^J of the Brown- York tensor do not have non-trivial 
singularities. Thus, the pole can appear in h^J . But 
h^J can be written by Eq. (|4.14j) . so the pole can appear 
in the integration constant C in <f>. Namely, the pole is 
given by Cdon = 0. From Eqs. (|A1[) . the hydrodynamic 
pole is located at 



ro = diq + d 2 q + d 3 q- 



with 

di = 



1 + u 2 



1 



(4.18) 

(4.19a) 
(4.19b) 



da = -*§(l-«c) . 
, ,< 2 ,(l + ^)[3-21n2 + 21n(l + u c )]-2u c 

6^3(1 + ^) 

(4.19c) 



In terms of proper quantities, 

di _ , d 2 q 2 d 3 q 3 



f 1 / 2 ^ / 2-kT P' 2 (2irfy 



(4.20) 



We compare this pole with the dispersion relation of 
hydrodynamic sound mode [l9j : 



u) = c s q — i | — — r\ 



1 



1 

2Z 



P 
p-1 



p 



fj I 2<? a Tn - - — -fj 



(4.21) 



The 0(q 3 ) terms are the modification by the second-order 
hydrodynamics. The coefficients t v and Tn are two co- 
efficients appeared in the second-order hydrodynamics. 
The coefficient t„ gives the relaxation time of the shear 
stress. 

Comparing Eq. (14.2 lj) and Eq. (|4.20|) and using rj/s = 
l/(47r), we obtairjj 



(4.22a) 
(4.22b) 
(4.22c) 



s 3(1 

C = o , 

_ (1 + u c ) [1 - In 2 + ln(l + u c )] + 1 - u c 
~ 27rf(l + u c ) 2 



The speed of sound c s agrees with the thermodynamic 
result (|4.2[) . The second-order coefficient tv behaves as 
follows: 



2 -In 2 

2ttT 
1 



2ttT 



(u c -> 0) , 

(U c -> 1) ■ 



(4.23) 
(4.24) 



The u c — > limit takes the same form as the standard 
AdS/CFT result. 



V. RELATION BETWEEN RINDLER AND 
SADS RESULTS 

In Sec. IIII1 the Rindlcr result gives an incompressible 
fluid. On the other hand, the SAdS result gives ( = 
even in the near- horizon limit u c — > 1. An incompressible 
fluid is different from a fluid with f = 0. To answer to 
the question, let us study the relation between the SAdS 
black hole and Rindler space. 

The Rindler limit of the SAdSs black hole is given by 



u = 1 - 8e 2 r , t 



1 



NH 



„NH 



Xi = ex\'" , with f-)0 



(5.1) 



Note that Xi is e-rescaled, but t is not. The coefficient 
of 1/4 in the definition of i NH is necessary to match 



7 In second-order hydrodynamics, tti is defined as o; (, so T r 
vanishes automatically. 
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the SAdS5 Hawking temperature TgAds = 1/7T with the 
Rindler temperature T Rindler = l/(4n). Under the rescal- 
ing, the SAdSs metric becomes the Rindler metric up to 
an overall rescaling: 



j 2 _ 2j 2 

" s SAdS — e " s R.indlcr 



(5.2) 



Consider the perturbations under the rescaling. The 
momentum is rescaled as 



ui = 4w NH , q = -<?nh 
e 



(5.3) 



Since Xi is rescaled but t is not, h z t must be rescaled as 

h* t = 4eh* t NU . (5.4) 

The other components are not e-rescaled since the upper 
and lower indices receive the opposite rescaling. In the 
Rindler limit, the SAdS master equation (|4.8|) becomes 



J NH 2 



(5.5) 



which is identical to the Rindler master equation (|3.22p . 
The Dirichlet boundary condition for the master field is 
also identical to the Rindler case. Using Eqs. (|A1I) . 



C=^+0(e 2 ] 



(5.6) 



which reduces to Eq. (|3.23|) . Thus, the SAdS master field 
is completely identical to the Rindler master field. 

Then, why does the SAdS result differ from the Rindler 
result? In the sound mode computation in Sec. IIVD1 
we looked at the hydrodynamic regime u> ~ O(q). But 
this does not mean wnh ~ 0(<Znh) m the Rindler limit 
because of the scaling (|5 . 3[) . In order to have the hy- 
drodynamic regime wnh ~ 0(<7nh), one must look at 
ui ~ 0(eq) in the original SAdS variables. Namely, the 
hydrodynamic regime used in the SAdS computation dif- 
fers from the hydrodynamic regime used in the Rindler 
computation (when expressed in terms of the SAdS vari- 
ables). In fact, one can show that the full SAdS Brown- 
York tensor reduces to the Rindler Brown- York tensor 
(pHo) in the e -> limit. The full SAdS Brown-York 
tensor contains not only the SAdS C = hydrodynamics 
but also the Rindler incompressible hydrodynamics. 

For the q = case, the reason is slightly different. If 
one takes the q — > limit in the SAdS boundary condition 
(AH, 



C 



)>■' 



3F 



(5.7) 



which does not reduce to Eq. (|5.6|) . Thus, in the bound- 
ary condition, the q — > limit and the e — > limit do not 
commute. 
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Appendix A: Some expressions used in text 

• The integration constant C of the master field in 
terms of boundary values h^viiic): 



C = 



Cdc 



C num = w(4q 2 - 3/') 2 [-2<\Xoh z t + q 2 fh\ 
-{q 2 (l + u 2 )-W 2 }h* x ~W 2 h z z ] 

U c 

Cdc„ = 12qV 2 (4q 2 -3/') J F 1 ' 

U c 

+ 4[4q 6 w(-3 + u 2 ) + 27u 3 K> 2 

- 9q 2 u 2 (u + u 3 - Am 2 ) 

- 12q 4 (l + u 4 - um 2 )]F 



(Ala) 
(Alb) 



(Ale) 



Explicit expressions of Eq. (|4.14[) : 

wh q2htt 

+ [8to 2 + 4q 2 (/ - uf) - 3(3/ - uf')f']h x x 

+ 4\v 2 h z z + 8qmh z t - (4q 2 - 3/')(3/ - u/')$ 

(A2a) 

q 2 /(4q 2 -3/')^ t 



1 



12q 2 / 2 

f [(4q 2 - 3/')(» 2 + q 2 uf) - (4q 4 - 9q 2 /')/]^, 

- rt) 2 (4q 2 - 3/>% - 2qtt 3 (4qtr - 3f')h* t 

- (4q 2 - 3/')(3m 2 - 3q 2 / + q 2 uf')<S>] , (A2b) 
1 

6q 2 / 2 

- [8q 4 / + (4q 2 - 3/')(tt 2 + q 2 uf')]h\ 
f rt) 2 (4q 2 - 3f')h z z + 2qft)(4q 2 - 3f')h z t 



-q 2 /(4q 2 - 3/')^ 



+ (4q 2 -3/')(3tt ) 2 + qV)$ 
1 

: 2q/ 

2 



to(4q 2 - f')h x x + rvf'h z z + 2qf'h z 



m(4q 2 - 3/> 



(A2c) 



(A2d) 
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